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DEVELOPMENT OF AN ACOUSTIC MODEL FOR MULTILAYERED NDE* 
ABSTRACT 
Ramesh Shankar and Stephen S. Lane 
Tetra Tech, Inc. 
1911 N. Ft. Myer Drive 
Arlington, VA 22209 
A computer based acoustic model has been developed for the NDE 
of multilayered structures [1]. The model is applicable for normal 
or off-normal incident excitation, with receiver in pulse-echo, 
pitch-catch or in array mode. The model can simulate the observed 
signal for arbitrary frequency response of the transmitting and 
receiving transducer. In addition, the model considers attenuation 
and mode conversion effects in each layer in predicting the ultra-
sonic response. 
While earlier works [2,3,4] considered normal incidence and non 
attenuative media, the current model's capabilities have been ex-
panded to include off-normal incident angles and the attendant mode 
conversions created with this inspection configuration. Another 
feature included in this model is provision for attenuation within 
each layer. It can be modeled as constant over all frequencies or 
as a frequency dependent quantity. such as a constant "0" model. 
Common materials such as aluminum. stainless steel, rubber and 
biological tissues exhibit this property. 
The paper will focus on model development and discuss results 
obtained for a bronze-rubber multilayer structure. 
MULTILAYER MODEL DEVELOPMENT 
Overview 
The basic problem to be solved by the multilayered model is the 
prediction of the response from an arbitrary layered structure when 
interrogated by an ultrasonic pulse. The model output must be a time 
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domain waveform, corresponding to the measured waveform at the ter-
minals of a real transducer, in response to a specified pulse of 
ultrasonic energy incident on the layered structure. All relevant 
effects, such as reflection, refraction, mode conversion and atten-
uation, must be included. 
Wave Equations at an Interface 
To solve this problem, the effect of an ultrasonic wave when 
it impinges on a boundary must be known. In general, waves of any 
sort are partly reflected and partly transmitted at a boundary. 
Calculation of these effects has been presented in a number of 
texts (for example [2]). The results will be summarized here. 
First, normal incidence wave is considered. The case where the 
angle between the direction of propagation and the layer is ar-
bitrary will be taken up later. 
The reflection coefficient associated with a wave incident from 
medium 1, which has acoustic impedance ZI(product of its density 
and wave velocity in that medium), onto medium 2 with impedance 
Z2 is: 
The transmission coefficient TI2 is equal to 
2 ZI 
Tl2 = Zl + Z2 
For any boundary, we have the following: 
R + T I 
(1) 
(2 ) 
(3 ) 
(4 ) 
The behavior of waves in structures with more than one boundary is 
examined. 
Lattice Filter Representation 
In Figure I a few wave paths are shown for a structure consisting 
of only three layers. The paths are represented for clarity by 
slanted lines, although in reality they are normal to the layer 
boundaries. It is obvious that even for such a simple structure 
there are a great number of arrivals and some systematic method is 
required to keep track of their amplitudes and arrival times. 
Such a method has been developed by Robinson and Trietel [2] 
and will be followed here. Figure 2 shows the (k) and (k+l)st lay-
ers of a structure. Two waves exist in each layer - an upward going 
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Figure 1. Ray Tracing for a Two Layered Structure. 
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Figure 2. Wave Wquation at Interface. 
and a downward going wave. Their amplitudes as a function of time 
are denoted by Uk(t) and Dk(t), respectively. The reflection 
coefficient for downgoing wave at their boundary is denoted by Rk, 
and the downgoing transmission coefficient by Tk' The equivalent 
upward going coefficients are denoted by primes. The two way tran-
sit time in a layer is equal to twice the thickness of the layer 
divided by the velocity of the ultrasonic pulse in the layer, and 
this will be denoted Tk for the kth layer. 
Robinson and Treitel derive the z-transform representation 
for the waves in the two layers. The matrix equation is: 
-2N~ [Dk+ 1 (z~ 
J Uk+l (Z)J 
where the argument z refers to the sampled frequency domain ver-
sion of the time domain counterpart. 
( 5) 
The matrix equation is similar to a two port input-output 
lattice filter, as shown in Figure 3. The input terminals comprise 
the down- and up-going transfo~s in the kth layer while the output 
terminal are the corresponding pair in the (k+l)st layer. 
The utility of equation 5 is that it may be used to represent 
the behavior of an arbitrary number of layers, by multiplying to-
gether the matricies, Mk, for each layer. Thus the response at the 
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ture, is found from 
fDo(Z)l = 
~o(Z)J Mo M1 ••• Mut 
DELAY 
• • • -Ok---t 
[Dm(Z)1 
Um(z) 
••• - Uk -------..... F-----I .... 
(6 ) 
1----'Ok+1-· •• 
CASE 1: NORMAL INCIDENT WAVE AND NON-ATTENUATIVE MEDIA 
Figure 3. Lattice Representation of Wave at Interface. 
If the (m th) layer is infinitely thick, the amplitude of 
the upgoing wave Um(z) is zero, since there is no reflector to 
direct energy upward. Furthermore, the amplitude of the downgoing 
wave in the first layer, D1(z),is equal to 1, the amplitude of the 
upgoing wave in the first layer, U1(z) can be determined. This 
polynomial represents the z transform of the impulse response of the 
layered structure, the desired quantify. All reflections and trans-
missions which return energy to the top of layer 1 are accounted for 
in Ul(z). 
Simulation for Bronze-Rubber Structure 
The results obtained by the model are discussed for a struc-
ture consisting of layers of water, bronze, epoxy, rubber, epoxy, 
and bronze underlaid by an infinite halfspace of rubber. The 
thickness of the rubber layer has been chosen such that its time 
delay is equal to the time delay in bronze. 
Figure 4 shows the model impulse response. Time zero is 
taken to be the arrival of the pulse from the water-bronze inter-
face, but this pulse has been suppressed as it is of no interest 
for inspection. 
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Figure 5. Transducer Impulse Response 
The reflection series of Figure 4 is the impulse response, 
and will never be observed in a real situation. A more realistic 
response is that shown in Figure 6 where the reflection series of 
Figure 4 has been convolved with the transducer response shown in 
Figure 5. The transducer is centered at about 5 MHz, and is repre-
sentative of those used in this work. 
Even in the noise-free environment of Figure 6, it can be seen 
that the smaller returns are not resolved, but are interfered with 
by the bronze reverberations. A transducer with a much shorter re-
sponse in time would be required to distinguish these returns from 
one another. 
The situation will be worse when the effects of noise are add-
ed. Since the returns from the rubber layer are about 20 dB below 
those from the bronze layer, a signal to noise ratio of at least 20 
dB is required to detect them, even if they were not interfered with 
by the bronze reverberations. This places a severe demand on the 
data collection and signal processing tasks involved. 
Incorporation of a Flaw in Model 
The model developed above can be used to predict the response 
of a layered structure containing a flaw,- if the reflection and 
transmission coefficients associated with the flaw can be deter-
mined. A disbond at an interface can be modeled as a void in the 
epoxy. The acoustic impedance of the void is virtually zero, so 
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Figure 6. Simulated Response with 5.0 MHZ Transducer and SNR=40 dB. 
equation 1 for the reflection coefficient reduces to R = -1, whe-
ther the medium next to the void is bronze or rubber. Similarly, 
T = 0 in either case. By inserting these coefficients in the pro-
per place in the model we can predict the response of the reflec-
tion series to a flaw. 
This is done in Figures 7 and 8. In Figure 7 the rubber at 
the bottom of the first bronze layer has been replaced by a void. 
Comparison with Figure 4 will show that the bronze reverberations 
die away at a lesser rate in the flawed case than when no flaw is 
present. This is because the transmission coefficient at the bot-
tom of the bronze is zero in the flawed case, no energy can pro-
pagate downward into the rest of the structure, and this energy 
must appear in the bronze reverberation series. The returns cor-
responding to reverberations in rubber and in the second bronze 
layer are missing in Figure 7. 
A flaw at the bottom of the rubber layer results in much more 
subtle changes, as shown in Figure 8. The dominant terms in the 
series, those due to the bronze reverberations, are unaffected by 
the flaw, which makes itself felt in terms such as t4e 110 re-
sponse. This term in Figure 8 is somewhat larger than is the 110 
term in Figure 4, due to the larger reflection coefficient in the 
flawed case. However, the effect is small, and would be difficult 
to detect when the presence of noise, and the effects of a real 
transducer were incorporated. If the time delay in the rubber 
were made equal to that in the bronze, as is the case in the struc-
ture of interest, the 200 arrival would interfere with the 110 
arrival, completely masking the small change in the 110 term 
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Figure 7. Top of Rubber Layer. 
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Figure 8. Bottom of Rubber Layer. 
demonstrated in Figure 8. Herlce, flaws at the bottom of the rubber 
layer (and deeper) are predicted to be quite difficult to detect 
ultrasonically. 
MODEL DEVELOPMENT FOR ATTENUATION IN MEDIA 
It has been assumed that ultrasonic energy travels from one 
side of a layer to the other without loss. This is a good approx-
imation for many materials over short paths, but not for rubber 
in the thickness used here. Ultrasonic energy in rubber is highly 
damped, the damping increases with frequency. A constant 0 model 
for the attenuation fits the data well. 
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A complete discussion of this model has been given by Knopoff 
[5]. It assumes that the medium is linear, and that the same frac-
tional energy is lost per cycle, independent of frequency. Under 
these assumptions, the amplitude A of a plane wave of velocity v 
as a function of distance x is 
A(f,x) = Ao exp(-~fx/Qv) (]) 
A is the initial amplitude at x=O, f is the frequency, and 0 
is a dimensionless constant dependent on the medium. 0 is equal 
to ~ times the number of wavelengths of motion required to reduce 
the amplitude to lIe of its initial value. Large values of 0 cor-
respond to low attenuation, and vice versa. 
This model has been shown to be a good one for a wide variety 
of materials and a wide range of frequencies. Metals may display 
Os of several hundred to thousand, while 0 for unconsolidated soil 
may be only 10 or so. 
It is a straightforward matter to determine ultrasonic 0 val-
ues experimentally. A sample, consisting of a plate of suitable 
thickness x and ultrasonic velocity v, is interrogated in pulse-
echo mode. Multiple internal reverberations will be observed, as 
energy is reflected alternately from side to side within the plate. 
The spectra of these pulses are calculated in the usual way. Ac-
cording to equation 7, the difference between the logarithm of the 
(n)th pulse and that of the logarithm of the (n + l)st pulse is 
log An - log An+1 = C - (~fx/O ) (8 ) 
where C is a constant which depends on the reflection coefficients 
at the front and back surfaces, but not on frequency. Hence, if 
the difference in the log spectra is plotted as a function of fre-
quency, and a straight line fitted through these data, its slope 
will be ~/Qv. From this slope 0 can be easily determined. 
This experiment was performed for both bronze and rubber sam-
ples. The slope of the difference spectra for bronze was virtually 
zero(O), implying a 0 approaching infinity. For rubber, the slope 
was 4.1 dBI MHZ which corresponds to a Q of 9. This rubber is 
therefore highly attenuative and little energy is expected to pene-
trate it. 
Since frequency dependent attenuation actually affects dif-
ferent frequency components differently, the shape of a wide band 
pulse changes as it propagates through an attenuative medium. To 
calculate a time domain operator to account for this effect, Kak 
and Dines[6] derived that the z-transform of the impulse response 
of an attenuative layer is: 
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00 
H(z) 
~ zm L.-J -=-1 -:"+-(-;-m'""'2"'T/ p~2"")- (9 ) 
m= -00 
where p=x/Qv and has units of sampled time. 
The term zN represents the time delay involved in traversing the 
layer, and the rest of H(z) represents the effect of attenuation. 
For evaluation, the sum in equation 9 must be truncated at 
some reasonable value, say when the amplitude of the terms in the 
sum has dropped to 1/10 their value at m=O. Then we have 
H(z) 
where Mk = 3p. 
zN 
7fP (10) 
The effects of H(z) are twofold; first, a reduction in peak ampli-
tude by a factor of p, and second a broadening of the incident 
pulse. The amount of broadening will depend on the form of the 
pulse, but for an impulse, the full width at half maximum will be 
2p. The broadening extends in both directions in time, so the 
signal is no longer causal. This effect is not physical, and is 
the result of the fact that any model for attenuation which in-
volves a Q which is constant down to the lowest frequencies is 
inherently non causal. As a practical matter the limitations on 
signal bandwidth imposed by a real transducer will make real 
signals causal after convolution with the operator A(f). Futterman 
[7] gives a good discussion of this point. 
We may now write equation 5 as 
z 
= 1-Rk 
(11 ) 
where H(z) is defined in equation 10. 
This is the explicit expression for including the effects of at-
tenuation with constant 0 into the model developed previously. 
To extend it to the case of several layers, we need only put sub-
scripts on M, p and N to refer to the appropriate layer, and 
multiply matrices together as before. 
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MODEL DEVELOPMENT FOR OFF-NORMAL INCIDENCE WAVES 
For off-normal incident wave, several new effects occur, among 
them the presence of mode converted energy in solids. That is, at 
angles other than zero, energy is converted from shear to compres-
sional waves and vice versa, when a wave strikes a boundary. 
The analysis presented here will not be complete, in that not 
all modes will be accounted for. However, it will be seen that 
the neglected modes are unimportant in certain applications. 
The development of the matrix formulation of the arrival times 
and amplitudes presented for normal incidence waves can be extend-
ed to the off-normal case. For off-normal incidence, the travel 
path in each layer is found by dividing the path length for normal 
incidence by the cosine of the angle with respect to the normal of 
the sound beam in that layer. 
The reflection and transmission coefficients of Equations 1 
and 2 are also modified for the off-normal incidence case. Three 
important effects are present for the case where two solids abut 
one another. First, at most angles a wave incident on the boundary 
in one medium will give rise to two waves in that medium (reflected 
shear and lampitudinal), and two waves in the medium on the far 
side of the boundary. These waves are required for solid-solid 
boundaries to satisfy the conditions of continuity of displacement 
and stress everywhere. 
Second, over certain angular ranges, some of the reflected 
waves do not propagate into either medium, but are confined to the 
boundary between media. They are never detected by a transducer 
on the surface, but carry energy away from the interface, and 
must be considered in order to correctly predict the amplitudes 
at the surface. 
Finally, over the range where the waves referred to above are 
confined to the boundary, the reflection and transmission coeffi-
cients are complex. This means that each frequency component of 
the incident wave suffers a time delay upon reflection or trans-
mission, and this delay is frequency dependent. The emerging 
pulse (if a pulse is incident, as is usually the case) is dis-
persed, and this must be accounted for when amplitudes are calcu-
lated. 
The above simple theory, which accounts for only one wave in 
each medium, may be used when in fact two waves are actually pre-
sent in each. First some notations are introduced. Compressional 
waves not converted to shear waves, but remain compressional waves, 
are denoted as Rpp. Where mode conversion to shear waves takes 
place, the reflection coefficient is denoted by Rps. Similarly, 
reflection without mode conversion for an incident shear wave is 
ACOUSTIC MODEL FOR MULTILAYERED NDE 1691 
associated with a reflection coefficient Rss and that with 
mode conversion to p waves with Rsp. Transmission coefficients 
T are assigned the same notation. Thus Tsp refers to the amplitude 
of a wave which undergoes conversion from an S wave to a P wave as 
it crosses a boundary, and so on. 
If all 8 coefficients at each boundary (four for downgoing 
waves and four for upgoing waves) are calculated correctly, and 
the wave to keep track of in each layer is picked (the theory can 
handle only one per layer), the proper coefficients to use in 
Equation 5 can be selected to predict the amplitudes of these 
waves. For example, suppose the interest is in shear wave in 
layer 1 and compressional wave in layer 2: Then Rss and Tsp 
for waves traveling downward from layer 1 to layer 2 are needed. 
Waves corresponding to Rsp' and to Tss exist, but will be ig-
nored. The coefficient Ru p and Tps for waves traveling upward 
in the second layer are also needed. Again the waves related to 
two other coefficients are ignored. With these coefficients, 
and the modified time delays in each layer, Equation 5 can be used 
to predict amplitudes and times of arrival in this two-layered 
structure which consist of shear waves in the first layer and 
compressional waves in the second. 
This example is not so unrealistic as it might seem at first. 
If the angle in the first layer, which is bronze, is selected 
beyond the critical angle, there will be no compressional wave in 
the bronze. The energy corresponding to the compressional wave 
will propagate along the boundary, as discussed above. Therefore 
there is no contribution to the reflection series from the term 
Rs p ' and nothing is lost by ignoring it. 
Further, a great deal of experimental evidence indicates that 
shear waves in rubber are highly damped, so that they are not ob-
served in the reflection series for reasonable thicknesses of 
rubber. The energy represented by terms such as Tss ' correspond-
ing to shear waves in rubber generated by shear waves in bronze, 
is lost to heat. It must be accounted for when calculating the 
other reflection and transmission coefficients, but once this is 
done, its contribution to the reflection series is negligible. 
Therefore the model developed above is appropriate to the 
problem of alternate bronze and rubber layers. It can be extended 
to the case of several layers in the same way as was done for the 
case of normal incidence. 
One effect not predicted by the model is the location of the 
emerging pulse of energy. For the normal incidence case, this 
point is just the entrance point, but for beams at an angle the 
emergence point is displaced by some amount. This distance can 
readily be calculated: it is just twice the layer thickness times 
the sine of the angle the relevant ray path makes with the normal. 
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Each transit of each layer contributes this quantity to the over-
all displacement of the exit point, and therefore the contributions 
of all transits of all layers must be added to get the total dis-
placement. 
The angle of the ray path is generally different from layer to 
layer, and from mode to mode within a layer. It can be calculated 
by Snell's law. If 8i is the angle made by the ray in question 
with respect to the normal, and vi the velocity of the wave in 
the i-th layer, then 
holds for all layers. V is called the phase velocity, and is a 
constant throughout the layered structure. 
Having found the formalism by which the arrival times and amp-
litudes may be calculated for the off-normal incidence case, the 
reflection and transmission coefficients referred to above are 
calculated. In [3] it is derived that the required coefficients 
are calculated from the matrix equation: 
o 
1 
o 
-1 
(12) 
where Mij'S are related only to the material properties only on 
either side of the interface. Their definitions can be found in 
[3]. 
Figure 9 shows the theoretical reflection coefficients for the 
case of a shear wave in bronze incident on a rubber half space, as 
a function of the shear wave angle in bronze. Amplitudes are 
shown in 9a, and the phase in Figure 9b. 
Figure 9a does not give all the information required to pick 
the optimum inspection angle. This is because the phase shift 
given in Figure 9b also affects the amplitude in the time domain. 
To see how it does so, take the incident pulse to be an impulse, 
given in the time domain by 
00 
c (t) Jeiwt dw 
_00 
Then a reflected pulse f(t), where the reflection coefficient is 
r e Oi , is given by 
00 
f(t) = r £ eiw(t+ Twi)dW (14) 
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Figure 9. Reflection Coefficients Bronze Rubber Interface. 
1694 R. SHANKAR AND S. S. LANE 
, .. 
i 11 
__ ~Lf--~iiliiiiir f~ 1111 
.. ., . 
. . ', 
... , 
~ 
REAL & IMAGINARY PARTS 
IMPULSE RESPONSE 
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The presence of the absolute value of the frequency in the integral 
is required to make the phase shift correspond to an increase in 
the time for negative as well as positive frequencies. 
This integral can be evaluated, and the resultant pulse is 
f(t) = ro(t) cos e + (r/21T2t) sin e (15 ) 
A reflection series for the structure of bronze and rubber 
referred to above is shown in Figure 10. It can be seen that the 
general effect of phase shifts in the terms of the reflection 
series is to broaden and reduce in amplitude the emergent pulse, 
an effect not favorable for detection. Hence a phase shift of 
zero is desirable in the return chosen for inspection of a parti-
cular layer. 
SUMMARY AND CONCLUSIONS 
A computer based acoustic NDE model has been developed for to 
predict the response from a multilayered structure. It was shown 
that the model is equivalent to a cascaded two-port lattice filter 
where the elements of the filter are related to the material pro-
perties. For the normal incidence case the elements take on 
simple forms. The effect of attenuation was incorporated in the 
lattice filter model by including an operator which decayed in 
time. The model was further enhanced to include off-normal inci-
dence angles by explicitly determining the effects of mode con-
version and calculating the complex reflection and transmission 
coefficients associated with each wave. The complex coefficients 
were shown to impart a constant phase shift at all frequencies, 
thus causing an impulse to decay with time for off normal inci-
dence. The optimum angle for inspecting deeper layers in a multi-
layered structure is determined from that which yields nearly zero 
phase shift for its complex reflection coefficient (imaginary 
part small compared to its real part). 
Finally, it was shown that for a bronze-rubber multilayered 
structure, with equal normal-incident transit times in each, the 
responses could be decoupled in time and space by using angled 
beams. 
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